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We presenta shortexpositionof gradedfinite non-commutativegeometries.The theorythat
servesasanexampleis basedon thealgebraofmatricesM,~(C). This non-commutativealgebra
replacesthealgebraoffunctionson amanifold. Consequently,vectorfields (differentiations),
formsandconnectionsareconstructed.Thegaugetheorycanbe introducedwithout thenotion
of internal manifold.We discusssomephysicalapplication,thesimilaritieswith the standard
model,andthegradedversionofthis geometry.
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1. Introduction

Thestability of ourphysicalworld is apparentlybasedon conservationlaws.It
hasbecomeclear,after Noether’stheorems,thatthe existenceof conservedquan-
titiesbesidestheenergy,momentumandangularmomentum,hasits explanation
in theexistenceof symmetrygroupsotherthanthePoincarégroup.Forexample,
the conservationof theelectricchargecan bederivedfrom theinvarianceof the
interactionsunderthe abeliangaugegroupU (1), connectedwith the arbitrari-
nessof the phaseof awave function. The fact that the groupU (1) is compact
leadsto thediscretecharacterof thisparticularconservationlaw, i.e. to thequan-
tization of the electric charge.Other discreteconservationlaws followed, the
baryonnumber,the leptoniccharge,isospinandstrangeness— althoughnot as
universalas theelectricchargeconservation,exceptfor the baryonicchargecon-
servation,which seemsto be absolutelysatisfied.This situationhasled to the
introductionof the so-calledinternalsymmetries,andit seemedquite naturalto
considertheappropriate“internalspaces”on whichthecompactLie groupswould
act as the Poincarégroupactson the space—timemanifold. Theinternal spaces
shouldbe compactandtheir characteristicdimensionsvery smallin orderto ex-
plain the ordersof magnitudeof the correspondingelementaryinteractions.By
no meanscantheybepenetratedby or mixed up with the “ordinary” space—time
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dimensionsaccessibleto our experience.Such was the realm describedby the
Kaluza—Klein approachto the unified theoriesof elementaryinteractionsand
forces.The epistemologicalstatusof the internalspaceswas thereforequite sim-
ilar to thatof thecelestialspheresandepicyclesof the Ptolemean(andevenCop-
ernican)astronomy.It took sometime to acknowledgethatone inversesquare
law of universalattractionintroducedby Newtonalongwith the equationsof
dynamicsis enoughto explain the observedmotion of celestialbodies andto
disposeof all thecelestialspheres,untouchableandimpenetrableby our senses.

It seems,upon closer inspection,that the samefate may be predictedfor the
“internalspaces”of the Kaluza—Klein theories.The usefulinformationthatcan
be drawn from the conservationlaws implementedby the compactand semi-
simpleLiegroupsisalwaysdiscrete;as amatterof fact, it all canbereadfrom the
root diagramsor Dynkin diagrams.If so, whybotheraboutthe non-observable
internalmanifolds containingthe infinite quantityof points, with all possible
C°°-functions,the vectorfields, and all the richnessof differentialgeometry?A
more economicalapproachwould consistof liberating the mathematicalback-
groundof the theory from all unnecessaryartefacts,leaving only the minimal
(andthereforediscrete) input that is neededin orderto get the apparentlydis-
creteoutput containedin the finite spectrumof chargesandmassesof the ob-
servedelementaryparticlesandfields.

This is the motivationfor the developmentof adifferentapproach,in which
the internal geometrywould reduceto the very minimum, which is probablya
discretesetofinformation.Theattemptsto constructsuchgeometriesgo backto
Quillen [1,21,andConnesandLott [3]; theyhavebeendevelopedin a seriesof
worksby Dubois-Violette,MadoreandKerner[4—61andtheirapplicationto the
constructionof unified modelshasbeenfurther developedby Coquereauxand
Esposito-Farese[7]. All theseapproacheshave in commonthat they can be
thoughtof as the internalgeometriesof a pointor of a finite set of pointsrather
thanthegeometriesof manifolds.Thefull theorycanbeconstructedstartingwith
anon-commutativefinite ordenumerabledifferentialalgebra,whichreplacesthe
algebraof Cm-functionsin theusualcase.Thederivationsof thisalgebraplaythe
role of vectorfields; theirdualspaceis thespaceof one-forms,andso forth. Con-
sequently,asimplified theoryof integration,Hodgeduality andde Rhamcom-
plex, as well as the Laplace—Beltramioperatorwith a discretespectrumcan be
introducedandincorporatedinto asimplified versionof gaugetheory.

The aim of this paperis to awakeaboveall the curiosity of the readerandto
convincehim (her) that it is worthwhile to readthe paperscited above.We do
not intendto givea detailedexpositionhere;weshall ratherannouncethe most
importantresultsandillustratethem with a few very simpleexamples.We shall
mostly insist on the possibilityof constructingagaugetheorywithout internal
manifold,or moreprecisely,with amanifold reducedto a few points.
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2. Non-commutativegeometrywithoutgrading

Oneof the mostelegantwaysof defininga differentiablemanifold V,, consists
of consideringthe algebraof all smooth(Ck or C~)functionson this manifold,
denotedby F( Va). Thepointsof the manifoldarethenidentified with the max-
imal idealsofthisalgebra,whichcoincidewith thesetsof all functionsvanishing
at a given point p: as a matter of fact, if f(p) =0, theng(p)f(p)=0 for any
gEF(V~).

The vectorfieldsareidentified with the derivationsof the algebraF( 17~);they
form a left moduleoverF( l/~).Next, in the usualway, oneconstructsthe dual
moduleof one-forms,the tensorialproductsof these,andsoon (cf. Kobayashi
andNomizu [81). To the Cartesianproductsof two manifoldscorrespondthe
tensorialproductsof their algebrasof functions;the connectionscan beput into
a correspondencewith modulesoverthe algebraF( 17~),thesemodulesbeingthe
classesof local sectionsof givenfibre bundles.

We shall showhow easilyall thesenotionscan betransposedto the casewhen
the algebraF( V~)is replacedby an associative,but non-commutativealgebra.
For thetoy modelweshall choosethealgebraof nxn complexmatrices,M~(C).

In thatcase,onecan choosethe canonicalbasisEkEMfl(C), k= 1, 2, ..., n2—1
of hermitiantracelessmatrices,which togetherwith the unit matrix 1 spanthe
whole algebra.The matrices (“functions”) Ek satisfythe following algebraicre-
lations:

EkE,= —gk/+SkfE,~—iCk
1E,~, (1)

whereC~arethe structureconstantsof the Lie algebraSl ( n). Onehasthen

[Ek,EI1=2~C~/Em. (2)

S~karesymmetricandtracelessinvariant Sl(n) tensors;also

gkJ=Tr(EkEJ) . (3)

The derivationsof our algebraM~(C)spanthe vectorfields, which canbe de-
notedby

8k:

ôkEi=ad(iEk)Ei=iLEk,E
11=2Ck,Em. (4)

It is importantto notethatthe derivationsôkeDer(Mfl(C))do not form amod-
ule overthe algebraM~(C), becauseE/ök is not aderivation.TheLeibnizrule

ak(Ej/Em)=(akEJ)Em+Ej(akEm) (5)

is assuredby the Jacobiidentity. Onehas

rak~~
9j1=2C’Z~8m, (6)
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and 0k1 =0 by definition. The dualbasisof exteriorone-formscanbe now de-
fined by

(7)

The exteriorderivationsatisfyingthegradedLeibniz rule,

d(OkAOJ)=dOt<AOi_OkAdO1 (8)

and

d2=0 (9)

canbeeasilydefinedif we put

dEk2C~mEIOm,d1~0, (10)

dO~_C~tn1VAem. (11)

Equation(11) is the non-commutativeanalogueof theMaurer—Cartanidentity.
It is easyto showthat

Ok=EmE~~~dEm (12)

andthatthe canonicalone-form0,

0=EkOk, (13)

is basisindependent.
Denotingby i~the anti-derivationof p-formsdefinedas

(i~a)(X
1,...,X~_1)=a(X,X1,...,X0~1), (14)

we canintroducetheLie derivativewith respectto anyvectorfield x asusual:

£~a=(doi~+i~od)a. (15)

It is easyto showthat

£~0=0 (16)

for anyXEDer(M~(C)).Finally, the notionof a volumeelement,

,=J~0iA02A...A0n2_ (17)

andthestar(* )-Hodgeisomorphismcanbedefined,as well astheintegrationof

(n
2—1)-forms;indeed,ifflis a (n2—1)-form, it mustbe equalto

fl=BJOIAO2A...A0n2_i (18)

andonecanthendefine

J /3!Tr(B) (19)
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The scalarproductof twop-formsis definedas usual:

<aIfl>= JaA(*p). (20)

Theanti-derivationöis introducedby theidentity

<dal/J>=<aIöfl> , (21)

whichamountsto

(22)

if a is ap-form.
The Laplace—Beltramioperatoris then

A=dô+ôd (23)

andhasa finite discretespectrumon all possibleforms and functions in our
Grassmannalgebra.

This is what canbe called “the geometryof apoint”, which turns out to be
surprisingly rich. This geometryshould replacethe geometryof the “internal
space”in usualKaluza—Kleintheories.In order to do so, wemustgeneralizethe
notionof connection.This is doneasfollows: thebestwayto definea connection
in somebundleis to givetherule for covariantderivationof local sectionsof the
bundle,which form naturallya moduleoverthealgebraof functionson the basis
with valuesin the structuralgroupactingon the fibres.1ff is an elementof this
module,andA is the elementof the algebraactingon f on the right, thenaco-
variantderivativeisa linearmappingsatisfyingthe Leibnizrule:

V(ØA)=(17Ø)A+Ø®dA. (24)

Let ~° be a hermitianmoduleof rank 1 over our non-commutativealgebra,

whichmeansthatthereis a scalarproductdefinedfor anytwo 0, ~t’e~W’:
h(Ø,~i’)eM~(C). (25)

We impose

d(h(Ø, yi))=h( VO, ~‘)+h(Ø, V~ti)) . (26)

Let ee.*‘ beaunitaryelement,i.e.,

h(e,e)=1 . (27)

Now everyelementof the module ~‘ canbe put in one-to-onecorrespondence

with theelementsof thealgebra:for eachØeH, thereexistsAed suchthat
Ø=eA, (28)

andwehave
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h(eA,eB)=A*B, A,BeM~(C). (29)

Thechoiceof the elemente is equivalentwith thechoiceof agaugein ordinary
theory.A gaugetransformation is just anotherchoiceof a unitary element,in-
ducedby right actionof aunitarymatrix UeM~(C):

e—~e’=eU. (30)

Accordingto thedefinitionof covariantderivation,ifØ=eA, then

VØ=(Ve)A+e®dA, (31)

Ve=e®a, (32)

wheretheone-formaeA (M~(C))isuniqueif werequireit to bethehermitian,
i.e., to satisfy

a=a. (33)

The elementsB anda are called the componentsof0 and V in thegaugee.
Undera changeof gaugee—~e’ = eU, UEU (n), the componentsdo transformas
usual:

B-~U’B, a-~U~aU+U~aU, (34)

whichis the exactanalogueof agaugetheory.Thereis oneimportantdifference,
however,concerningthevacuumconfigurationsandtheir correspondencewith a
puregauge.Let us recall that, givena gaugee, thereis a uniqueconnectionV~
suchthat

V(e)e=0, i.e., V~’~(eB)=e®dB. (35)

Undera changeof gaugee—~eUthis connectionhasthe form of a “puregauge”
connection:

~ (36)

Suchconnectionshavevanishingcurvature:

V2e=e®~, ç9EA2(M~(C)), (37)

andobviously,if Ve=e®a,then

~,=da+aAa. (38)

Underagaugetransformationthe curvaturetwo-form q transformsuniformly:

ço—~U~çoU. (39)

Obviously, the pure gauge connectionshave vanishingcurvature: as Ve=0,
V(eB) =e®dB, sothat

V2(eB)=V(V(eB))=(Ve)®dB+e®ddB=0 (40)
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becauseof Ve=0 andddB=0.
But herethereexistsaconnectionwhosecurvatureis vanishingbut which is

not apuregauge.Considerthecovariantderivationdefinedas follows:

(41)

whereO=Ekfr” is the canonicalone-formdefinedbefore,suchthatdO+OA0=0.
It canbe easily shownthat this connectionis gaugeinvariant,i.e., it cannot

vanishin anygauge,butat the sametime its curvatureis identically vanishing.
Theproofis almostimmediateif onenotesthat for anyBEM~(C)we can write

dB=i[0,B}=iOB—iBO. (42)

Then,becauseof

V(ØB)= —i(ØB)O= —iØOB+Øi[0, B] = (VØ)B+Ø dB, (43)

Vis obviouslya connection;undera changeof gaugeit transformsas

U_i(_iO)U+U_idU=U_i(_iO)U+U_ui[0, U]

=U_i(_iO)U+U_ui(OU_U0)=_iO, (44)

which provesthatit cannotbegaugedout.

Finally, the curvatureV2 is zero,because

d0+0A0=0 (45)

asnotedbefore.
Theexistenceof astablevacuumconfigurationthatisnot apuregaugeis anew

andimportantfeatureof thenon-commutativegaugetheory.Besidesthat, all other
aspectsof thetheorycanbe transplantedwithoutanydifficulty, to give the final
Lagrangianof thewell-known form

<~I~>_J~A*~IIV2II2. (46)

In coordinates,if we chooseto put

a=fl~i0=Bk0”~~iEk0”~, (47)

we obtaintheexpression

~ (48)8n k,j

The two distinct gaugeorbits mentionedabovecorrespondto the minimaof
thisaction, whichareeitherBk=O, orBk=Ek.

This “gaugetheoryof internalspace”cannow serveto implementthe usual
field theoryon the space—timemanifold V

4. The essentialpoint comesfrom the
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observationthat

Der[C~(V~)®M~(C)]=[Der(C~(V)Ø1 )}

+ [C~(V~)®Der(M~(C))] , (49)

whichmeansthatanyderivation(ageneralizedvectorfield) ofthe algebrawhich
is thetensorproductof theusualalgebraof functionsoverthemanifoldby M~(C)
canbeexpressedlocally as

X=x°(X)a0®1+~(X)ak, (50)

with xc V4,~i=0, 1, 2, 3, 1=1, 2, ..., n
2—1, andXm, ~‘eC°°(V

4). This meansin
turn thatthe connectionone-form(A) canbewritten as

a=A~(x)dx°+B~(x)0’+A~(x)Ekdx0+B~A~EJ0k. (51)

It unifies the U(1)x SU (n) gaugefields A° andAk with scalarmultiplets
(Higgsfields) B°~andB’~k.Thecurvaturetwo-formsplits into five distinctparts,

F= da+ a A a

=F~dx°Adx”+F°0kdx°A Ok+Gj,~E1dx°A dx”

~ (52)

Thereis one dimensionalparameterm neededto give the properdimension
(cm~)to the non-commutativeone-forms0k; the full lagrangianof the theory
is then

L= — Tr(F,~F°”)— ~— Tr{ (ô0Bk + [A0,Bk] )2}

_~Tr{([Bk,B,]_2C~B,fl)2}. (53)

On thegaugeorbit Bk= 0 the fieldsA° andA ‘,. aremassless,whereasthe fluc-
tuationsOk of the field Bkhaveall the samemassM~= nm

2.If oneexpandsthe
fields aroundanotherstablegaugeorbit Bk=Ek, thenthe U (1) gaugefield A°,,
remainsmassless,whereasthe SU(n) gaugefield B’,~acquiresthe massM~=
2nm2; atthesametimethescalarmultipletacquiresthemassM~= 2nm2whereas
B’k splits into onescalar,one tracelesssymmetricandoneanti-symmetricpart,
whosemassesare, respectively,2m2, 8m2 andzero. This is a very stiff kind of
model,with only onearbitraryparameterm, with thesamemassesfor theW and
Z-bosons,andwithout mixing ofA°

0andB
3

0. Nevertheless,it is agood example
illustratingthepossibilityof constructinga gaugetheorywithout internalmani-
fold, whichis replacedby a pointwith anon-commutativegeometryon it.
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3. Gradingof the non-commutativegeometry

A gradedversionof the non-commutativegeometrycan be introducedas fol-
lows. First, let usconsideraZ2-version,on the very simpleexampleof the 2X 2
matrix algebra.Suchan algebracanbe naturally split into asum of two linear
subspaces,M2(C) =A0®A1, with A0 the “even” diagonalmatrices,andA1 the
“odd” off-diagonal matrices.Ifris a “grading matrix”, ~=(~ °~),then,if we
put

G~AG=±A, (54)

the + and — signsdefinepreciselyourtwo subspaces.We shallattributegrade0

to anya0eA0, andgrade1 to anya1 cA1. Then
akbmcA(k+in)mod2 . (55)

Theexteriorgradeddifferentiationcanbenow definedwithoutvectorfieldsor
forms: it is enoughto takean odd matrix whosesquareis equalto the identity,
e.g.,

~~=(?~),~ (56)

anddefine

da=[~,a]Z2=~a—(—l)grad~a~. (57)

Onehasthend
2 = 0, as it shouldbe.

Now wehavegoneevenfurtherthanin theprevioussection:we havedisposed
not only of the manifold itself, but also of the vectorfields (thetangentmani-
fold) andforms (cotangentmanifold).All theentitiesaredissolvedin onegraded
algebraof matrices,on which the exteriordifferentialis defined,the only thing,
alongwith the scalarproduct,that is neededto producea lagrangian.The scalar
productwill be defined as the gradedtrace, in conformity with our previous
scheme.

Now wecanproducean algebraofA-valuedformson themanifold V
4:

A(V4)®A. (58)

Thentheoperatordeanbegeneralizedas follows: If A= (~~)+(~~), with a, b, c,

f somep-formsoverV4, then

dA=(~ ~)+(~~)+[~,(~°)]+{~,(~~ (59)

whichmeansthatits actionis asusualon space—timep-forms,implementedwith
the “external” derivationrealizedas a gradedcommutatorwith the odd matrix
11.



334 R.Kerner/ Gradednon-commutativegeometries

Now, a covariantderivationcan be introducedexactly as before; the Higgs
M2(C)-valuedfield appearsnaturally if we introducethe connectionone-formas

(60)

withx= ‘1 + 0~A anordinaryone-formwith its valuesin M2(C); thesimplestcon-
nectionmaybechosenas

A=(~ w+) (61)

withA°, W~,W, Zone-forms over V4.
This schemeis not enoughto explainthe massdifferencebetweenW andZ

bosons.The massdifferenceappearsin the following generalization:we canin-
troduceaU2 x U2 multiplet, in which eachof the entries,A°,W~ W —, Z is a
2x 2 complexmatrix, andtheconnectionone-formbecomes

A=A±®P++A®P, (62)

with P±andP theprojectors

(1 o\ (0 O’\

1)+r~0 o)’ ~-=k~0 1)’ (63)

and

/ AO 117+
1/1± rr±A±~ z± A~A =0. (64)

A ± arethe U2 gaugebosonsthat coupleto left- and right-handedfermions, re-
spectively.TheconnectionA± contains32 real, left- andright-handedU4 modes.
To reducethe symmetry,wechoosethe vacuumconfigurationaroundthegauge
orbit given by

O/2at’~, liam1~_®t7a, (65)

wheremisthe massparameter,a= 1, 2, 3, o~, arethe 2x2 Paulimatrices.
Developingthelagrangian

L=~IVAIl
2 (66)

aroundthis vacuum,we obtain a masslessfield A°, whereasm2w = ~m2,m~=

2m2,so that
m~/m&=0.75, (67)

which is reasonablycloseto the observedvalueandpredictstheWeinbergangle
a rio

‘3

To closethis section,let usmentionanothergradedextensionof matrixgeom-
etry, based on the Z

3 grading. It leads to a differentialoperatord whosesquare
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doesnot vanish,but whosecubed3 is identically zero.Thealgebraof 3 x 3 matri-
cescan benaturallysplit into threeparts,with grades0, 1 and2, addingup mod-
ulo 3; insteadof thetwo eigenvaluesof the gradingmatrix, we havenow three
eigenvalues

1,1,12 , j=e2°”3, 1+12+13=0. (68)

Thegradedderivationsatisfies

d(AB)= (~A)B+J~I~VA)AdB, (69)

which assuresd3 = 0. The covariantderivationcan alsobe introduced,but the
curvatureis not acovariantquantity;instead,wehaveto take

V3=(d+A)(d+A)(d+A)=d2A+d(A2)+AdA+A3, (70)

which containsthird-orderpowersin A as well as the terms of the form dA A A.
Thedetailscanbe foundin refs. [9] and [10].
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